LINEAR CONNEXIONS WITH ZERO TORSION
AND RECURRENT CURVATURE

BY
YUNG-CHOW WONG

Introduction. Let M be a connected n-dimensional C*-manifold. If S is
any tensor (field) on M, then

(1) S(u) denotes the value of .S at the point u& M;

(ii) S=0 means that S is everywhere zero, i.e. S(u) =0 for every u & M;

(ili) S#0 means that S is not everywhere zero, i.e. S(u)#0 for some
uEM;

(iv) S0 means that S is nowhere zero, i.e. S(u) =0 for no u& M.

Throughout this paper, a tensor of type (1, 0) will be called a vector, and
a tensor of type (0, 1) a covector. Summation over a repeated index, Latin or
Greek, is always implied.

Let v be a linear connexion on M. If T';* (1 =a, k, ¢,j, - - -, £n) are the
components of 4 in the local coordinate system (U, #*) in M, then the com-
ponents in (U, #*) of the torsion tensor T and the curvature tensor R on M
are respectively

Tt = T — Tyt

Riji* = iTji* — 9;Thi* + Tua?Tji® — Tia*Tuif,

where 9, =9/du*. 1f ¥ has zero torsion, i.e., if T=0, then the curvature tensor
R satisfies the two Bianchi identities

(0.1) Riji* + Rja* + Rai* = 0,
(0.2) ViRi;i* + ViR + ViRud = 0,

where V denotes covariant differentiation with respect to +.

A linear connexion y on M is said to be with recurrent curvature if its
curvature tensor R is not everywhere zero and if the covariant derivative of
R is equal to the tensor product of a covector and R itself. We express these
conditions in symbol by R#0 and VR=WQ®R, and call W the recurrence
covector. By Theorem 1.2, the conditions R#0 and VR=WQ®R imply that
R#0. Hence for a linear connexion with recurrent curvature, the curvature
tensor is nowhere zero, i.e. R#0. In what follows, whenever the condition
VR=W®R is assumed, the condition R 0 and consequently also the condi-
tion R0 are always understood.

Recently, generalizing a result of K. Nomizu concerning linear connexions
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with VR=0, the author obtained a geometrical condition, in terms of the
basic and fundamental vector fields on the frame bundle over M, for a linear
connexion on M to be with recurrent curvature (Wong [13, Theorem 4.2]).
Except for this general result, linear connexions with recurrent curvature
have so far been studied only in the following special cases:

1. Riemannian connexions(!) with VR=0 (i.e. E. Cartan’s symmetric
spaces).

2. Linear connexions with T=0, VR=0, or with VI'=0, VR=0 (Nomizu
[3; 4]).

3. Riemannian connexions(!) with VR=W®R, W0 (Ruse [5], Walker
[8], Hlavaty [2]).

4. Certain type of linear connexions with 7'=0, VR=W®R and W0
which include, except for a trivial case, all the Riemannian connexions in
Case 3 above (Wong [9]).

5. Subflat linear connexions (i.e. linear connexions which admit locally
n—1 parallel fields of vectors and #»—1 parallel fields of covectors) with
T=0, VR=W®R and W0 (Wong [11]).

6. Projectively flat connexions with T=0, VR=WQ®R, and W0 or
W=0 (Wong and Yano [12]).

Furthermore, in Cases 3-6, only local properties were considered.

In this paper, we shall study the more general case of linear connexions
with T=0, VR=WQ®R, W0, i.e. linear connexions with zero torsion and
recurrent curvature for which the recurrence covector W is not everywhere
zero. Both local and global properties are obtained. The method we use is a
combination of the classical tensor calculus and a method of piecing together
locally defined tensor fields or fields of planes into global tensor fields or
fields of planes on M. On two occasions, we apply Steenrod’s theorem on exist-
ence of cross-sections in fiber bundles. It appears that neither the index-free
presentation nor the method of exterior forms lends itself to the study of
problems of the type considered in this paper. We assume that #>2. The
case n =2 requires special treatment and will be considered in another paper
(Wong [14]).

§§1.1-1.3 are preliminary in nature. They contain a number of results
concerning parallel fields of planes or coplanes on M, recurrent tensors, and
certain decomposition of recurrent tensors. All of them will play an important
part in our later work. In §§2.1-2.4, we give a few rather easy but indispensa-
ble results on linear connexions with zero torsion and recurrent curvature
without assuming that the recurrence covector W is not everywhere zero.

Beginning with §3 is the study of linear connexions with zero torsion and

() Throughout this paper, the Riemannian connexions mentioned are those with a definite
or indefinite metric. While Riemannian connexions with a positive definite metric and VR=0
were described by E. Cartan as “une classe remarquable d’espaces de Riemann,” the interest-
ing case of Riemannian connexions with VR=W®R and W#0 is when the metric is indefinite.
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recurrent curvature for which the recurrence covector W is not everywhere
zero. In §3.1 we give some examples of such linear connexions showing the
nature of the subset Mo={u& M: W(u)=0}. In §§3.2-3.3 we prove among
other things that the tensor VIV is either everywhere symmetric or nowhere
symmetric, and that the holonomy group can, and can only, be of dimension
1, 2,---, n—1.In §§4.1-4.3 we study the curvature tensor R in detail.
Local and global decompositions of R in M\ M, (i.e. in the complement of
M, in M) are obtained which give rise to a number of local fields of vectors
and covectors in M\ M,. Existence of certain global parallel fields of planes
or coplanes spanned by these local vectors or covectors are established in
§§5.1-5.3. There we also prove that the Ricci tensor is of (constant) rank
=2, and that in the case where the tensor VW is symmetric, the condition
for the holonomy group to be abelian is expressible in terms of the pseudo-
orthogonality between certain parallel fields of planes and coplanes. The
paper ends in §§6.1-6.3 with a study of a decomposition of the tensor VW
and the fields of covectors or coplanes arising from it.

In the course of our investigation, it is found that the properties of the
linear connexion are quite different in the two cases where the dimension of
the holonomy group is greater than 1 or equal to 1. The latter case cor-
responds to the “simple” type (Walker [8]) of Riemannian connexion with
recurrent curvature. It would be interesting to specialize the results presented
in this paper to the case of Riemannian connexions and compare the results
thus obtained with the earlier local results of H. S. Ruse, A. G. Walker and
V. Hlavaty.

The author wishes to express his sincere thanks to his young colleague
Mr. C. S. Hsii who read through a preliminary draft of this paper and sug-
gested a number of improvements. Equation (3.1) of Theorem 3.1, part (a) of
Theorem 4.2 and the global decomposition VIW=NQ® W+ N ® W in Theorem
6.4 are partly due to him.

1. PRELIMINARIES

Parallel fields of planes and recurrent tensors on a C®-manifold with a
linear connexion have been studied by A. G. Walker [7] and the author
(Wong [10; 13]). Here, emphasizing the global aspects, we summarize a
number of definitions and known results and add a few new ones for later use.

1.1. Parallel fields of vectors along a curve and parallel fields of planes or
coplanes on JM. Let M be a connected, n-dimensional C*-manifold (which
consequently is also arcwise connected). A plane (resp. coplane) at a point
#& M is a linear space spanned by a number of vectors (resp. covectors) at u.
A field of planes (resp. coplanes) on M is a C=-assignment of a plane (resp.
coplane) to each point of M.

Let C:u=wu(r), 0=7=1, be a sectionally C®-curve in M. It is easy to see
that C can be divided into a finite number of C*-sections each of which lies
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in a coordinate neighborhood. Let (U, #*) be any one of these coordinate

neighborhoods, and #*=u*(7), 11 S7 =7,, the C®-section of Clying in U. Then

a vector field X (7) defined on C is said to be parallel along C if the com-

ponents X*(r) of X(7) in each (U, u*) satisfy the linear differential equations
dut axX*  dw

—; V1X" = 0, ie. dr + -('i: Pj,'"X‘ = (1’1 =7 =< Tz).

The following lemmas are easy consequences of well-known properties
of the solutions of systems of linear differential equations:

LEMMA 1.1, For any given vector A at the point u(0), there exists a unique
parallel vector field X () abong C such that X (0)=A.

Lemma 1.2, If X, (1 Sa=n) are any n parallel vector fields along C and
X. are independent at some point of C, then X, are everywhere independent along
C. In this case, any parallel vector field X along C can be expressed uniquely as
X =c*X., where c* are constants.

LEmMmA 1.3. If X4 (1A Sr) are any r parallel vector fields along C, then
the number of independent vectors among X 4(7) at any point of C is constant
along C.

A field D of planes on M is parallel if, for any two points ug, 14 C M, a
vector in D(u,) is displaced parallelly along any (sectionally C®-) curve
joining %, to u; into a vector in D(u,). Covector fields which are parallel
along a curve and parallel fields of coplanes on M are defined in a similar
way.

On account of Lemma 1.3, the planes of a parallel field D on M must be
of the same dimension everywhere on M. Thus, if we wish to indicate the
dimension of the planes, we can say that D is a parallel field of r-planes.

Using Lemma 1.3, we can easily prove

LeEMMA 1.4. Let D, be a parallel field of ri-planes and D, a parallel field of
ra-planes on M. Then the intersection planes D1(u)M\Dy(u) at all points u&c M
are of the same dimension, and they form a parallel field of planes on M. The
same is also true of the union planes Di(u)\JDy(u).

The following well-known result can be proved by modifying Walker's
[7, Theorem 3.3] original proof in the case of Riemannian connexion:

LEMMA 1.5. A field D of r-planes on M is parallel iff in each coordinate
neighborhood UC M and for any local basis X'y (15A, BLr) of D in U,

h A h
ViXp = LipXa,
where Li are some covectors on U.

We are now ready to prove our main result in this paragraph.
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THEOREM 1.1. Let r be a fixed positive number. If for each point u in M,
there exists some coordinate neighborhood UDwu in M, and a set of r vectors
YA 1A S7) on U such that

1.1) onU: ViVa = Lis¥s (1s4,Bsy),
and

(1.2)  onUNU* Vi = ¢nVh, Yi=osVi' (1S4,4*<0),
where U* is another coordinate neighborhood and ¢4, o4 are functions on

UNU*, then the local fields of planes spanned by these sets of local vector fields
piece together into a parallel field of planes on M.

Proof. Condition (1.2) assures us that the local fields of planes spanned
by the sets of local vector fields piece together to form a field of planes on M.
Therefore, on account of Lemma 1.5, it is sufficient to prove that if the r
vectors Y on U satisfy condition (1.1), the number of independent vectors
among them is the same everywhere in U.

To prove this, consider in U any two points u, #;, and some curve #(r),
0=7=1, joining #o=u(0) to u1=u(1). Let X; (1 £a=n) be some parallel co-
frame along %(r), and define the functions f§= Y} X5 on u(r). We have, by
condition (1.1),

« h a
d(VaXD) = s.(VAXD = (0.V4) X}
= (d)Lia V5 X5,

where d,=d/dr and 8, = (d,u")V,. Therefore, the functions fj satisfy the equa-
tions

difs = (do) Liafs.

In other words, fi(1), 1 Sa<n, are n solutions of the system of linear differ-
ential equations

difa = () Lisfa

in the r unknown functions f4 (124 7).

Let 78 (1<B <) be any r independent solutions of this system of linear
differential equations. Then f§=f3c3, where c§ are constants. Therefore,
since the matrix (f§) is of rank r all along #(r) (from the theory of linear
differential equations),

rank (f,:) = rank (cp) = constant along ().
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But YiX5=fF and matrix (X}) is of rank # all along %(7). Therefore, rank
(Y%) =rank (f3) =constant along %(r). Hence

rank (Y:)uo = rank (Y;)uu

as was to be proved.

It is easy to see that results similar to Lemmas 1.1-1.5 and Theorem 1.1
hold for covector fields and fields of coplanes.

A vector X* and a covector Y, at a point #E& M are said to be pseudo-
orthogonal to each other if X*¥,=0. Pseudo-orthogonality between an r-
plane and an 7’-coplane at a point is defined in an obvious manner. More-
over, it is easy to prove

LEMMA 1.6. Let D be a parallel field of r-planes on M and D' a parallel field
of r'-coplanes on M. Then if D and D' are pseudo-orthogonal at some point of
M, they are pseudo-orthogonal at every point of M.

LeEMMA 1.7. Let D be a field of r-planes on M and D’ the field of (n—r)-
coplanes pseudo-orthogonal to D. Then if D is parallel, D' is also parallel, and
conversely.

1.2. Recurrent tensors and holonomy group of a linear connexion with
recurrent curvature. Let M be a connected n-dimensional C®-manifold on
which a linear connexion has been given. Then we have

TaEOREM 1.2, If S is any tensor, say of type (1, 3), on M satisfying the
condition VS=WQS, then

(@) To each point u of M, we can assign (not necessarily in a continuous
manner) a frame Xh(u) such that the set of n* numbers

h_k__3

A IR\
(13) Sﬂap (u) = (Skji XBXaXuXh)(u)’

which are functions of u, are proportional to a set of n* constants.
(b) S is either everywhere zero or nowhere zero.

A tensor S on M is said to be recurrent if it satisfies the condition V.S
=W ®S without being zero everywhere. Then by Theorem 1.2 (b),

COROLLARY. A recurrent tensor is nowhere zero.

Proof of Theorem 1.2. The frame that we assign to each point of M is
constructed as follows. Fix any point #,& M and assign to it any fixed frame
X.(uo). For each point u, of M, fix a sectionally C*-curve Ci:u=u(r),
—e=<7=1+¢, passing through the points uo=u(0), u,=u(1). By displacing
the frame X,(u) at u, parallelly along C,, we obtain a field of frames Y,(7)
along Ci. Then Y,(1) is the frame X.(u:) that we assign to the point u;. To
prove (a) we have to prove that the two sets of numbers
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Spap* (1), Spay™(%0)

constructed by using the frames X.(u;) and X.(u¢) in accordance with (1.3)
are proportional. For this purpose, we now prove that the set of numbers

e (1) = (Susi (W) VaVLVLY W (7)

defined at each point of C; are always proportional to the set of numbers
Speu*(0). Since the sectionally C*-curve C; can be divided into a finite number
of C*-sections each lying in a coordinate neighborhood, it suffices to prove the
last assertion for the case when the points u,, %; lie in the same coordinate
neighborhood and the curve C; through them is C®. Since Y,(r) is parallel
along C; and S satisfies the condition VS=W®.S, we have

dfgﬁaﬂ)‘ = (df“l)vlsﬁanx
= (@u)ViSisd (W) VYLV V)
l h k_ 3 _$_X\
= (d:w)Wi()Ssi () VYV, ¥
ie.,
drsﬁtmx = (drul) Wl(‘u)gpa“)‘.
From this it follows that

Spa* () = Spa,*(0) exp f ’ (d YW (w)dr.

This shows that the set of #* numbers Sga,*(#1) = Ssa*(1) are proportional to
the set of #* numbers Spa*(%0) = Sga,*(0), which proves (a). In particular, if
all the n* numbers Sga,*(%0) are zero, so are also all the n* numbers Sga,*(21) ;
in other words, if the tensor S(u,) is zero, so is the tensor S(%,;). This proves
(b).

Let # be a point in M and C a loop at « (i.e. a sectionally C* closed curve
beginning and ending at «). If we take any frame (#, X,) at # and transport
it parallelly along C once to arrive at the frame (x, XJ) at u, then the linear
transformation o¢ in the tangent n-plane to M at u which carries the frame
(u, X.) into the frame (u, X, ) is independent of the choice of the initial frame
(u, X.). For a fixed point # in M, the set of linear transformations o¢ cor-
responding to all the possible loops at # form a subgroup of the general linear
group GL(n, R). This subgroup is the kolonomy group of the linear connexion
with reference point «. It follows at once from definition that the holonomy
group at #& M leaves invariant an r-plane of the tangent n-plane to M at
u iff there exists a parallel field of r-planes on M. Since the holonomy groups
with different reference points are isomorphic, the reference point will not be
mentioned specifically.
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A linear connexion on M is said to be with recurrent curvature if its curva-
ture tensor is recurrent. The following theorem is known (Wong [13, Theorem
4.3)):

THEOREM 1.3. For a linear connexion with recurrent curvature on a connected
n-dimensional C*-manifold M, the Lie algebra of its holonomy group H is
spanned by the following elements (which are n'Xn matrices) of the Lie algebra
of GL(n, R):

mairiz [Rgay ()], 128, asn,

where

R(ﬂa),}(u) = (RkjihX:XiX:X;)(u)a

u is any point in M and X', any frame at u. Consequently, the dimension of the
holonomy group H is equal to the number of independent ones among the matrices

[R(ﬂa)/} (u) ]

It follows from this that the holonomy group of a linear connexion with
recurrent curvature on M is at most of dimension n(n—1)/2.

1.3. Local decomposition of a recurrent tensor. The main result in this
paragraph is Theorem 1.4 concerning a local decomposition of a given recur-
rent tensor into the sum of tensor products of tensors. That theorem and
Lemma 1.8 hold for a tensor of any type and for any two complementary sets
of indices, but for simplicity and in anticipation of our applications, we state
and prove them for a tensor Sij* of type (1, 3) and for the complementary
sets of indices %, j and <, A.

We first consider the case of tensors and vectors at a single point
u& UC M. Let Siji* be any tensor of type (1, 3). In the linear space of tensors
of type (0, 2), the linear subspace spanned by the #? tensors

A h_t_ M\
Skiu = Skji XuXa 1=y Ar=n),

where X is any frame and X} its dual coframe, is obviously independent of
the choice of the frame X}. We call this linear subspace the (k, j)-support of
S, and its dimension the (&, j)-dimension of S. In an analogous manner, the
(3, h)-support, (¢, h)-dimension or the j-support, etc. of S can be defined.

The following lemma is known and quite easy to prove (see, for example,
Hlavaty [1, §1]).

LEMMA 1.8, Let Siji* be a tensor of type (1, 3) at the point uES U C M. Then
(@) The (k, j)-dimension=the (¢, k)-dimension.
(b) The (k, j)-dimension of S is equal to r iff S can be expressed as

(1.4) Skjc'h = PkAjQAs‘h 1=s4=7),
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where P4, (also Qu*) are r linearly independent tensors.
(c) If the temsor S can also be expressed as
(1.4%) Seit = P'r Qe

where P2 (also Q%) are r* linearly independent tensors, then r*=r and
*4*  4* 4 £h A K
P i = ¢4 Prjy  Qa*i = ¢4*Qai,
where ¢ﬁ., @4+ are scalars satisfying ¢ﬁ'¢ﬁ'= 88,
) If Spai = St XpX2L XL X0,

where X!, is any frame and X3 its dual coframe, then the (k, j)-dimension (=the
(2, h)-dimension) of S is equal to the rank of the matrix

[Sﬂanx],
where (u, \) denote the row and (8, a) denote the column.

Proof. We omit the details of the proof, but merely indicate how the
tensors P4 and Qs can be constructed. Let r be the (%, j)-dimension of
Sijt, and let Pf, (1A Zr) be a set of r independent tensors among the n?
tensors Si;,* = Si;" Xt X} (1 Su, A <n). Then there exist scalars p4,* such that

A AN_ A4
Skiu = pauPuj,
and
h A_A A A A h.
Stii = (pawPe) XiXx = Piri(pasXiX0).

Thus, writing p.4X“X? as Q4.*, we have a decomposition of the form (1.4).
We now consider the case of a recurrent tensor on M.

THEOREM 1.4. Let S be a recurrent tensor of type (1, 3) on M: S#0, VS
=W®QS, and let the components of S in any coordinate system (U, u*) be Si;.
Then we have

(@) The (&, j)-dimension of S is constant on M; in other words, the (k, j)-
dimension r(u) of S(u) defined at every point u of M is the same.

(b) In a suitable coordinate neighborhood U of each point u in M, S can be
decomposed into the sum of tensor products

(1.5) Sisis = PifQas (1s4,B<r),

where the r tensors Pi (also the r tensors Q") are everywhere independent in U.
(c) The tensors Ph and Qu satisfy the relations:
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4 4 _B A A _
(1.6) ViPij = LipPyj, ViQs: = LisQui ,
A 4 4
Lig + Lig = W5,

where L, LA are some covectors.
(d) If on another coordinate neighborhood U*Du, S is decomposed into

Siit = Pai Qasi. (1= 4,B, 4* <),
then on UNU*,
*4* 4 4 *h A h
Piyi = Piida, Qua*i = ¢4*Qui ,

where ¢ﬁ‘, d4e are scalars on UNU* such that ¢f¢ﬁ- =85

Proof. By Lemma 1.8(d), the (k, j)-dimension 7(x) of the tensor S(u) is
equal to the rank of the matrix

[Spau*(1)] with row (uA) and column (),

where Spa* (1) = (Sk;? X3X2 X4 X3 (u) and X% is any frame at . Since S is
recurrent, we can, by Theorem 1.2(a) and its corollary, assign a frame to
each point % of M so that the set of numbers Sg.,* (%), not all zero, are pro-
portional to a set of constants, say cga,*, which are independent of . There-
fore, r(u) is equal to the rank of the matrix [¢s.,*] and is consequently con-
stant on M. This proves (a).

To prove (b), we take any C* field of frames X, in any coordinate neigh-
borhood U containing # and use it to construct the tensors Pj, Qu* as in
the proof of Lemma 1.8. These tensors are defined on U and are obviously
C=. They will satisfy the independence condition in some suitable neighbor-
hood UC U of u.

Finally, to prove (c), we differentiate (1.5) covariantly and get

1.7 (VIP:j)QAih + P:j(VzQAih) = VlSkjih = WlSkjih = WzP:,-QA.'h-

Since the 7 tensors P (also the 7 tensors Q4:*) are independent, there exist
some tensors Py and Q2 such that PaP§ =03 and Q400 =65. Contractions
of equation (1.7) by 02 and PY¥ respectively show that V,Pq and V,Q5,* are
of the form

4 4 _B b oAk
ViPy; = LipPy;, ViQs: = LisQa: -
Substituting these in (1.7), we arrive at

N 4 4
Lig + Lig = W3,

which completes the proof of the theorem.
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Theorem 1.4 holds for a recurrent tensor of any type and for any two
complementary sets of indices. Thus, let s be the k-dimension of .S and Q4*
any s vectors which span the h-support of S. Then S can be locally decom-
posed in U as

Skj"h = P:inAh (1 £ 4,B=s 5):

and the s vectors Q4" satisfy the relations

h 4 _h
ViQs = Li5Qa -

Furthermore, if

Suii = Pri Qe (1< 4* B*<5)

is a local decomposition of S on U*, then on UNU#*,

* h A h h A* h
Qur = ¢4Q4 , Q4 = ¢4 Qar.
Hence the local vectors Q4" have the properties of the vectors ¥ 4* in Theorem
1.1, and we obtain

COROLLARY. If S is a recurrent tensor on M, and h any of its contravariant
(resp. covariant) index, then the h-dimension of S is constant on M and the
h-support forms a parallel field of planes (resp. coplanes) on M.

2. LINEAR CONNEXIONS WITH VR=WQ®R

In this section, we give a few easy but indispensable results concerning
linear connexions with recurrent curvature. Here we do not assume that the
recurrence covector W is not everywhere zero.

2.1. The Ricci tensor. The Ricci tensor is defined by Rj;= Ry;i*. We have

THEOREM 2.1. For a linear connexion with recurrent curvature (not neces-
sarily without torsion),

(a) The Ricci tensor is everywhere symmetric (resp. skew-symmetric) or
nowhere symmetric (resp. skew-symmetric).

(b) The Ricci tensor is of the constant rank on M ; in particular, it is every-
where zero or nowhere zero (cf. Theorem 5.2).

Proof. From
ViRijit = WiR;
we deduce
ViRji = WiRi,  Vi(R;i — Ryj) = Wi(Rji — Ryj),
Vi(Rji + Ri;) = Wi(Rji + Rij).
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On account of Theorem 1.2(b), the last two equations imply (a) of the theo-
rem. Next, since the rank of R;;is equal to the i-dimension of Rj;, (b) follows
from the corollary to Theorem 1.4,

In this connection, it is useful to note that for any linear connexion with
zero torsion,

(2.1) Rija* = — (Rij — Ra).

This is obtained by contracting the indices & and 7 in the first Bianchi identity
(0.1).
2.2. Supports of indices of the curvature tensor (cf. §1.3).

THEOREM 2.2. For the curvature tensor Ry of any linear connexion with
zero torsion,

j-support = k-support, i-support C k-supporl.

If the linear connexion is with recurrent curvature, the support of each of the
indices of the curvature tensor Ry;* forms a parallel field of planes or coplanes
on M.

Proof. The first assertion is a consequence of the identities Ryj*= — Rzt
and (0.1) which give

Rgi» = — Rjp»,  Rgaid = — Raig® + Rigd,

where for example, Rg;,* = Ry;ji*X5X.X}. The second assertion is a particular
case of the Corollary to Theorem 1.4,
2.3. The holonomy group.

THEOREM 2.3. For a linear connexion with recurrent curvature (not neces-
sarily with zero torsion), the (k, j)-dimension of its curvature tensor R is constant
on M. If the (k, j)-dimension of R is r, and R is decomposed at any point uc M
into

A 4
(2.2) Riji = ijQAih (1=s4=7),

then the Lie algebra of the holonomy group H is spanned by the r independent
elements: matrix [Qu], where Qu>=QuiX X)) and X' is any frame at u.
Consequently, dim H=r,

Proof. The first assertion is a particular case of Theorem 1.4. To prove
the second assertion, we write

A h i\ 1 h__$_X\
Rpaw = Ruji X:XiXuX h= (P:JX:Xi)(QAi X,X»)

as

by A b
Rﬂam =P ﬂaQAu .
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By Theorem 1.3, the Lie algebra of the holonomy group is spanned by the
n(n—1)/2 elements

matrix [Rw.,),.x] = Pga matrix [QA}].

Since the r tensors Q4 (also the r tensors Pi) at u are independent (cf.
Theorem 1.4), it is easily seen from the above equation that the Lie algebra
of H is spanned by the 7 independent elements: matrix [Q4,*], as was to be
proved.

2.4. A local decomposition of the curvature tensor.

THEOREM 2.4. For a linear connexion with zero torsion and recurrent curva-
ture: T=0, VR=WQR, if r is the dimension of the holonomy group, then in a
suitable coordinate neighborhood U of each point, the curvature tensor can be de-
composed as

(2.2) Rkjih = PI?jQAih (1=4,B,C,D =),

where the r tensors PQ (also the r tensors Qa*) are everywhere independent in U
and satisfy the following relations:

4 4 _B A 4 & 4 4 4
(2.3) ViP.j = LigPij, ViQs: = LisQus , Lig + Lip = W3s;

4 e 4 _C 4 D .4 4 _C
P, Q1 = CscPuj, VimLlye + LimpLyp = CcpPmi,
A e 4 h 4 A D 4 _C
(24) Qg Qc1i = CscQui VimLys + LimpLys = CcsPui;
4 4 4. C 4 D 4 A4 2D
(VinWi)se = (Cre + Csc) Pmi, Vils¢ = LitsCpe; — LinCae.

Here W, is the recurrence covector, L and L& are covectors, Chc and

Céc(= —Chp) are scalars, and square brackets used with indices indicate that
q

alternation s taken over the two outermost indices; thus

A a A a A a
PoiQpjy = PaQpj — Paj — Qpr -

Proof. The relations (2.3) have been proved in Theorem 1.4. We deduce
from (2.3): that

A A A (o] B
VimVuyPri = (VimnLlus + LyucLms) Py
Applying to the left side the Ricci identity for a linear connexion with zero
torsion, we have on account of (2.2)
A a_A a_4
V(,,.VHPI,,' = — lekPaj - lej Plca
B a_A a_A
= Pmi(—Qsk Paj + Qsj Pur).

Since P;} are independent tensors, comparison of the above two expressions
for Vi.VyP% gives (2.4)1,. Similarly, equations (2.4)s4 can be proved by
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using (2.2) and (2.3);. Equation (2.4); is an immediate consequence of (2.3);
and (2.4)24. The last equation (2.4)s follows from (2.3), and (2.4);.
We now prove

CoROLLARY. The holonomy group is abelian iff the functions Cé. appearing
in equation (2.4); are all zero at some point of M (then they are all zero every-
v here in M).

Proof. Let X/, be any frame at « and let Qu,* = Q4:*(#) X' X}. Then equa-
tion (2.4); at u is equivalent to

Qusr Qcr” = Cac(w)Qay -

In consequence of Theorem 2.3, these are the structure equations of the
holonomy group H (with reference point %) so that CAc(u) are the structural
constants. Thus H is abelian iff Ch¢(x)=0. Equation (2.4)¢ confirms the
fact that if C4¢ are all zero at some point u of M, they are all zero everywhere
in M.

3. LINEAR CONNEXIONS WITH T=0, VR=WQ®R, W#0

From now on we shall study exclusively linear connexions with zero tor-
sion and recurrent curvature for which the recurrence covector W is not every-
where zero. As before, the n-dimensional C®-manifold M on which such a
linear connexion v is defined is assumed to be connected, and so arcwise
connected.

Let My= {uEM: W(u) =0}. If M, is an n-dimensional subset of M, as
is the case in Example 1 in §3.1, then the restriction of v to My is a linear con-
nexion vy with 7=0 and VR=0. Such a linear connexion v, generalizes the
symmetric (Riemannian) space of E. Cartan and has been studied quite ex-
tensively. But the subset M, may also be of dimension #—1 or n—2, as is
the case in Examples 2 and 3 of §3.1. Apart from this, we know nothing
about the nature of the subset MyC M.

Let M, be as defined above, and let M; be any arcwise connected com-
ponent of M\M,. Then M, is an n-dimensional connected C®-manifold and
the restriction of v to M, is a linear connexion 7, with =0, VR=WQ®R
for which the recurrence covector W is nowhere zero. Since the results in the
previous sections were derived for a connected C*-manifold we can apply
them directly to M and to each of the connected components of M\ M, but
not to M\ M, which may not be connected. In what follows, we shall obtain
various properties of the linear connexion v and properties of M implied by
the existence of ¢ on it. Some of the results hold on the whole of M; others
only on M\ M, or on any of its connected components; still a few others only
on (M\Mo)\Moo, where Moo= {uE(M\Mo) [(V;W[},) W,;](u) =0} .

3.1. Some examples.

ExaMPLE 1. On the Euclidean n-space M: (— ® <u!, - - - ,ur <+ ), let
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v[6] denote the linear connexion (with zero torsion) defined by the com-
ponents

3 [ 2 2 ¢
Ty = b"u 0, Ful = qu = Gpu 0’
2 1 ¢ do Y
Ty =— av;u"u — 4 cpu 0, B=sgnesmn),
2 du?

all the other T';;* are zero,

where the function § =60(%!) is nowhere zero, and a., b, ¢; are constants not
all zero such that ag=a;, and aybf=aybt.

By straightforward computation or from Wong [9], it can easnly be veri-
fied that y[f] has recurrent curvature and the recurrence covector is W,
=d(log ) /0ut.

Taking

{1 for ! £ 0,
1 + exp(—1/4Y) for u! > 0,

we obtain on M a linear connexion with zero torsion and recurrent curvature -
for which My={uEM: W(u)=0} is the subset #!<0, and M\M, is the
connected subset u!>0,

EXAMPLE 2. Let M and v[6] be as in Example 1. Taking =1+ (u!)?, we
obtain on M a linear connexion with zero torsion and recurrent curvature for
which the subset M, is the (#—1)-plane #'=0 and M\ M, consists of the
two connected components #! <0 and #!>0.

ExaMpLE 3. On the Euclidean n-space M: (— o <u!, - -+, u*<+ =), let
v[¢] denote the linear connexion (with zero torsion) defined by the com-
ponents

i = 0'0¢/0z, Ty =T = a 6,96/,

T\ = adg/u’ + cd/ds, B=tn ),
all the other T';;* are zero,

where a, b, ¢ are constants not all zero; ¢; are constants not all zero; z=e;uf,
¢=¢(u!, z) is such that d%¢/dz2 is nowhere zero. By straightforward computa-
tion or from Wong [9], it can easily be verified that v[¢] has recurrent curva-
ture and the recurrence covector is W;=0(log 0%¢/d2%) /0u’. If we take as
¢(u', 2z) any solution of the differential equation

0%/92* = 1+ (u)* + (2)%,

we obtain on M a linear connexion with zero torsion and recurrent curvature
for which the subset M, is the (rn—2)-plane: u'=0=2, and M\ M, is a con-
nected subset.

3.2. The recurrence covector W. We now prove
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THEOREM 3.1. For a linear connexion with T=0, VR=WQ®R, W0, the
recurrence covector W satisfies the equations

3.1) Vo(ViuW 1) = Wo(ViuWy),

(3.2 W VWi + WaVuW e + WiV W = 0.

Equation (3.1) implies that the tensor VW on M is either everywhere symmetric
or nowhere symmetric; in the former case, W is locally a gradient. Equation (3.2)
means that W is locally proportional to a gradient; in other words, the total differ-

ential equation Widu*=0 which is globally defined on M is locally completely
integrable.

Proof. On account of VR=W ®R, we have
VnViRiji* = Va(WiRi") = (VW) Riji* + WaW Rijih.
Therefore, by the Ricci identity,
(VW) Riji* = ViV Riji*
= Rumip"Riji® — Rm1iPRijp* — Rmij?Ripi® — Rmu?Rpjit.
(It is easy to verify that this equation is equivalent to (2.4);5.) Applying V, to
both sides of this equation and using the latter again in the result, we get
Vo(VeWi) Riji* + Wo(VinW i) Resi* = 2W o(VinW 1y) Rijit,
i.e.,
Vo(ViaWi) Resi* = W o(V W) Rejih.
Since the curvature tensor is nowhere zero, it follows that
Vo(ViW1) = Wo(VinWa),

which proves (3.1). By Theorem 1.2(b), equation (3.1) implies that Vi, Wy is
either everywhere zero or nowhere zero.

To prove (3.2), let us denote by cyc( ) the cyclic expression with typical
term inside the brackets. Then on account of (3.1), we have

cyc(W VmWy) = cyc(VeV W) = cyc(VimVy W)
= cyc(Rmi"Wh)

(leqh + qumh + qulh) Wh

= 0.

This is (3.2) which is the well-known condition for W to be locally propor-
tional to a gradient. Hence our theorem is completely proved.

In consequence of Theorems 2.1 and 3.1, the Ricci tensor and the tensor
VW share the property that it is either everywhere symmetric or nowhere
symmetric. We observe also that
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(a) For a Riemannian connexion with VR=W® Rand W0, VW is sym-
metric (Walker [8, §6]).
(b) For a subflat or projectively flat connexion with T'=0, VR=W®R
and W0, VW is symmetric iff the Ricci tensor is symmetric (Wong
[11] and Wong and Yano [12]).
(c) For a 2-dimensional linear connexion with T=0, VR=W®R and
W #0, VIV is symmetric iff the Ricci tensor is symmetric (Wong [14]).
These facts support the truth of the following conjecture though the author
has not been able to prove it.
CONJECTURE. For every linear connexion with T=0, VR=W®R and
W #0, the tensor VW is (everywhere) symmetric iff the Ricci temsor is (every-
where) symmetric.
3.3. Dimension of the holonomy group.

LeEmMMA 3.1, In any coordinate neighborhood U in which W has no zero, the
curvature tensor can be expressed as

Rijit = WiS;it — WiSiit,
where S; is some tensor on U.
Proof. Using VR=W®R in the second Bianchi identity (0.2), we get
WiRe;i* + WiRu* + WiRu* = 0.

Since W has no zero in U, there exists some vector X! on U such that X!W,
=1, Contraction of the above equation by X! gives

Riji* = WiRy;* X' — WiRytX',
ie.,
Rijit = WS — W;iSiih,
where we have put
S;ih = Ryt X
We now prove

THEOREM 3.2. Let H denote the holonomy group of a linear connexion with
T=0,VR=WQ®Rand W#0. Then 1 £dim H=n—1. Moreover, for each inte-
ger r satisfying 1 Sr<n—1, there exist linear connexions of this type for which
dim H=r.

Proof. Let us consider a point uE€ M at which W0. By Lemma 3.1, the
curvature tensor is of the form

Ryt = WiS;id — WSkt

at u. Choose a frame X} at # such that Ws= W, X;=3§;. Then the numbers
Rgeys* () which appear in Theorem 1.3 are
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R(ﬂa)#)‘ (u) = 6;5an)‘(u) - 6;33: (u) .

Consequently, among the n(n —1)/2 matrices

(R gara* (%)) 1=p<asmn
only the following #—1 can possibly be independent:
[Raw* ()] = [S(@i*(®)] 2= asn).

Therefore, by Theorem 1.3, dim H <n—1. On the other hand, since the num-
bers Rgaa(#) cannot all be zero, at least one of the above #—1 matrices is
nonzero. Therefore dim H=1.

To prove the second half of the theorem, we consider some examples. On
the Euclidean n-space M:(— o <u!, - - -, u"<+ =), let ¥ be the linear
connexion with zero torsion and recurrent curvature defined by the com-
ponents

3 3 r+2 r+2
P11=0u,"’, I'n = fu )

all the other I';;* are zero,

where 0 =14 (u!)?, and 7 is any fixed integer such that 1<7r<#n—2. Thisisa
special case of Example 2 in §3.1. An easy computation will show that the
only nonzero components of the curvature tensor are

Ryt = 08 B=hjsr+2

and those differing from these by sign. Taking X = 8%, we see by Theorem 1.3
that dim H is equal to the number of independent matrices among the follow-
ing r n Xn matrices:

[Raae ] = 6[5,5] (@=3,,r+2).

Now in the ath matrix the (a, 1)-element is its only nonzero element. There-
fore, these r matrices are independent, and so dim H=r. Hence there exist
linear connexions of the type under considerations for which dim H=
1,2,---,n=2.

To give an example for which dim H=n—1, let us consider on a suitable
neighborhood U in M:(— o <ul, - ., u"<+ =) a projectively flat con-
nexion with recurrent curvature. In Wong [12], we have shown that for
such a linear connexion, the curvature tensor is of the form (in suitable co-
ordinates)

3.3) Rkjih = 0(5:&' - 5?&)&

or
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B A A h .
(3.4)  Rijs = Y8k — 8;8)m: — (bamj — £m)d:] (£, ns not proportional),

according as its Ricci tensor is symmetric or nonsymmetric.

For the case (3.3), let us choose a frame X2 at «& U such that §,=&X"
=9§,. Then by Theorem 1.3, dim H is equal to the number of independent
matrices among the following #n—1 n X7 matrices .

[Rinyn (w)] = 6[8at.(w)] B=2---,n.

But these # —1 matrices are all linearly independent since

Cot) =0= . =0= ¢ =o.

Therefore, dim H=n—1.
For the case (3.4), & and #%; are not proportional. Then using a frame
X" at € U such that

h 1 h 2
Ea = Eth = 6«:, Nae = ﬂth = 61:,

we can verify that in this case also dim H is equal to n—1.
Hence we have not only completed the proof of Theorem 3.5 but also
proved the following

THEOREM 3.3. The holonomy group of an n-dimensional projectively flat
connextion with T=0, VR=WQ®R and W0 is of dimension n—1.

In this connection, it is interesting to note that combining our Theorem
1.3 with a local result of Hlavaty [2, Theorem 3.4 a, b] or with certain
equivalent results of Walker ([8, (7.2) and p. 55]), we have

THEOREM 3.4. The holonomy group of an n-dimensional (n>2) Riemannian
connexion with VR=W ®R with W#0 is of dimension Sn—2.

4. THE CURVATURE TENSOR

In this section, certain local and global decompositions of the curvature
tensor R into sums of tensor products are proved and studied in detail. In
the course of our investigation, the distinction between the cases where the
holonomy group is of dimension >1 or =1 arises naturally. In addition to
being of interest on their own, the results obtained will form a basis of our
work in the next two sections.

4.1. A local decomposition of R in M\ M,.

THEOREM 4.1. Let a linear connexion on M be such that T=0, VR=WQ®R
and W#£0 and let Mo={uE M: W(u)=0 } . Then on each coordinate neighbor-
hood U in M\M, there exists some tensor S;*, symmetric in j, i and having no
zero in U such that R is decomposed into
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4.1) Ryt = WSt — WSk,
The most general tensor S;* having the properties of the tensor S; is of the form
(42) S,'.'" = Sj,'" + WjW.'C",

where C* is an arbitrary vector on U.

Proof. Since W is nowhere zero in M\ M, it follows from Lemma 3.1 that
on each coordinate neighborhood U of M\ M, there exists some tensor S of
type (1, 2) such that

4.1) Ryt = WiSii* — WSkt
holds.

If § is any tensor of type (1, 2) on U satisfying
4.7) Ry = WiSid — WS,

then we derive from this and (4.1) that

Wi(Sit — Si*) = WiSih — Siih),
which gives (since W has no zero in U)
(4.3) S;ib = Syt + W;BH,

where B;* is some tensor of type (1, 1) on U.

Conversely, if S;* is any tensor satisfying (4.1) and B} is any tensor of
type (1, 1), then the tensor S; defined by (4.3) satisfies (4.1).

Now using (4.1) in the first Bianchi identity:

Riji* + Rju* + Rai* = 0,
we obtain
(WiSiid — WiSi*) + (WiSur — WiSi?) + (WiSe* — WiSi*) = 0,

ie.

WiStya* + WiStm* + WiSup* = 0.
From this it follows easily that

Syt — Syt = — W,;B* + W.B,
ie.
(4.4) Sii* + W,;B* = Sii* + W;B*,

where B} is some tensor of type (1, 1) on U. Let us put S;*=S;#+ W;B2.
Then on account of (4.4), the tensor S;* is symmetric in j, . Moreover, by
the assertion below (4.3), it satisfies equation (4.1). Thus, we have shown that
there exists a tensor having the properties of the tensor S; in the theorem.
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To complete the proof of the theorem, we see from (4.3) that the most
general of such tensors is of the form

Sj,'" = S,‘,’h + WjB.'h.

But, because S;*—S;* is symmetric in j, 4, the tensor B* must satisfy the
equation W;B/=WB;*, and is therefore of the form B}= W;C*, where C*
is an arbitrary vector. Hence, the most general tensor S;;* having the proper-
ties of the tensor S; in the theorem is

S,‘.’h = S,‘."" + W,'W,‘C",

as was to be proved.
4.2. A global decomposition of the curvature tensor on M\ M,. The results
in Theorem 4.1 enable us to prove the following

THEOREM 4.2, Let a linear connexion on M be such that T=0, VR=WQ®R
and W0, and let My be the subset {u&S M: W(u)=0}. Then there exists on
M\M, some tensor S of type (1, 2) which is

(a) symmetric in the two covariant indices,

(b) mowhere zero in M\ M,, and

(c) such that on every coordinate neighborhood U in M\ My, R can be de-
composed into

Rijih = WSt — WSt

Any two such tensors S on M\ M, differ from each other by a tensor of the form
W W®C, where C is some vector on M\ M,.

Proof. Consider the bundle BS of all tensors S of type (1, 2) at all points
of M\ M, having the properties of the tensor S;* in Theorem 4.1. Because
the most general S of such tensors at a point & M\ M, is of the form (4.2),
the fiber F, of BS over # is a linear space isomorphic to R*, and is therefore
solid. Then, by a theorem of Steenrod’s [6, p. 55] on existence of cross
sections on fiber bundles, C* cross sections of BS exist. Any such cross section
is a tensor S of type (1, 2) on M\ M, satisfying the conditions stated in the
theorem. The last assertion in the theorem follows from (4.2), and this com-
pletes the proof.

4.3. Another local decomposition of the curvature tensor in M\ M,.

THEOREM 4.3. Let a linear connexion on M be such that T=0, VR=W QR
and W#£0, and let M,= {uE M: W(u) =0}. If the dimension of the holonomy
group is r (1=r=<n—1), then for each point u of M\M,, there exists some co-
ordinate neighborhood U u on which the curvature tensor can be decomposed into

(4.5) Rl = WW,' — WWe)(WiZa + WiZhs) (2<A4,B<r+1),
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where Wi, Z4, Zhp=Z%, are covectors and vectors on U such that the r+1 co-
vectors Wi, W& are everywhere linearly independent.

Proof. Comparing the two expressions
A Ak
(2.2) Riji = PejQai
h h h
4.1) Riji = WiSji — W;Ski ,
for R on U, we have
h b A b
WiSii — WiSki = PijQas -

Since W has no zero in U, there exists on U some vector X* such that W, X*
=1. Contraction of the above equation by X* gives

Si' = (Pux"0ui" + WS X7,

which we write as
(4.6) Si = W04l + wi0..
Using this in (4.1), we obtain

4 b
.7 R’ = (WaW; = WWe)Qas'-

The r tensors Q4:* being independent, comparison of (2.2) with (4.7) gives

(4.8) Pi; = WW; — W;Ws.

Next, we show that the r+41 covectors Wi, W4 are everywhere (in U)
independent. Assume that this is not the case, i.e., at some point % of U,
Wi(x) and Wi(u) are not independent. Then there exist some constants ¢
and cy4, not all zero, such that

cWi(u) + cAW: (u) = 0,

where, since W(u)0, the c4 are not all zero. On account of this, we have
from (4.8) that

caPey(u) = Wa(W)eaW; (w) — Wi(w)eaWs (1)
— Wi(w)cWi(u) + Wi(u)cWi(u) = 0.

Il

But this contradicts the fact the r tensors P4 are everywhere independent.
Hence the r+1 vectors Wi, W4 are everywhere independent.
- Lastly, from the symmetry of S; in j, 7, and from (4.6) we obtain
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4.9) WiQu' + Wi Q) = WiQu' + WS,
Since W;, W# are everywhere independent, we can complete them to a co-
frame Wi (1Sa<#). Let W7, be its dual frame. Then contraction of (4.9) by
W} gives
A ] h. i .k
05’ = Wi(WhQu;) + Wi(W0)).

We write this as

(4.10) Qui' = WZy+ WiZis
and substitute it in (4.9). The result is

AN h A_h h A, h
@.11)  WAW)Za — Q) — WiWiZs — Q) = Wi Wi (Zis — Zsa).
Contracting this by Wi, we get

Qi = W.Z' + WiZi, where Z' = WiQ;.

Consequently (4.11) reduces to Zp=Z},. This and (4.10) and (4.7) complete
the proof of our theorem.
An easy consequence of (4.5) and Theorem 1.4(d) is

THEOREM 4.4. The covectors and vectors Wi, Z%, Zhg which appear in Theo-
rem 4.3 are locally defined. If U, U* are any two intersecting coordinate neighbor-
hoods on each of which there is a decomposition of R of the form (4.5), then on
UNU*, we have

W = g4 Wi + ¢ WL,
(4.12) Ziw = $aeZn — & busdsZas, (2< A,B, A* B* < r+ 1)

Zaow = basbsZas
where ¢4, qu, o4+ are scalars on UNU* such that
b4 da = ba.
We now prove

THEOREM 4.5. The recurrence covector W and the local covectors and vectors
WA, Z4, Z% g which appear in

Rt = (WaW; — WWo)(WiZa + WiZis), (25 4,B,C<r+1)

of Theorem 4.3 satisfy the following relations:
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ViW, = NiW,,

VWi = NisWe + Nf:Wln

ViZy = LisZo — NiZi — NiZue,
ViZuz= LisZes — NisZuc.

(4.13) r>1:

ViWe = N\W: + szW:,

ViWs = NiWy + NaW;,

ViZy = — NiZus+ (Liy — N)Zs,
ViZss = (Lis — Ni2)Zss — NunZs.

(4.14) r=1:

Proof. In Theorem 4.3 we have shown that for each point u of M\ M,,
there exists some coordinate neighborhood U2 on which

Riji’ = PoQas’ 2=4,B=r+1),
where
(4.15) Py = WiW; — WWi, Qi = WiZs + WeZis.
On the other hand, we have from Theorem 2.4 that
(4.16) VIP::' = L‘:Bij, VlQBo'h = ZfBQAih~
Substituting (4.15) in (4.16);, we have

Wo(ViW5) + (VWOWi — WVWe) — (VW)W

4.17
(4.17) = Lig(WWr — W,;We).

Let us complete Wi, W4 to a coframe W2 (1Sa<n) and let W be its dual
frame. Then contraction of (4.17) by W} and W¥ gives

(4.18) VW = [Lis — S5(VWWOWIIW] + (VWO WiW,,
A A
(VWO WW; — (VW) WsW; — 55ViW; = — LigW,.
Substituting in the latter equation the expression (4.18) for V,W4, we get
4
(VW) WaW; — [Lis — ss(ViW)WiW; — 85ViW; = — LigW,,

ie.,

(4.19) 5‘;[VtW:' - (Vsz)WtWi] = (Vsz)W;W: .
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It can be verified easily that (4.18) and (4.19) together are equivalent to
(4.17) and thus to (4.16):.

Two cases arise according as r>1 or r=1,

Case 1. r>1. For A#B, (4.19) gives

(VW) WaWe = 0.

For any fixed B, choose an A B. Since the covector W4 has no zero, the
above equation gives

(VW)W = 0,

which is therefore true for every B=2, - - -, r41. On account of this, (4.19)
reduces to
(4.20) Vil = (VW) WiWs.

We note that in this case (r>1), the recurrence covector W is recurrent.
Case 2. r=1. Then A=B=2, and (4.19) becomes
) i
(4.21) VW, = (ViIW)WIW, + (VW) WaWe.
Now putting

{N, = (WW)Wi, Nu = (W)W,
Ni = (WWH)Wi, Nis= Lz — 83N,
in (4.20), (4.18) and (4.21), we obtain the first parts of (4.13) and (4.14) in

the theorem,
Next, we consider equation (4.16).. For simplicity, let us put

2 A,B=<r+1, 1=24,BC=sr+1.
Then we have from (4.15); and the first parts of (4.13) and (4.14) that

(4.22)

A B _h
QAi = W,'.ZAE,
where Zhp=2%,, Z4,=2%;
¢ ¢ B
ViW; = NisW5,

where Nj3=0 if r>.1. On account of these, equation (4.16)s, namely, V;Q4
=I2 05 can be written

oo i } }
LW Zbs = VW Zhs) = (VWD Zhs + WEV.Zhs
W, 2as) = (7
= NigW:Zi5 + WszZZ?;
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which is equivalent to

h C L h C _h
ViZ45 = LiaZcs — NipZae.

This is the condensed form of the second parts of (4.13) and (4.14). Our
theorem is thus completely proved.

5. CERTAIN PARALLEL FIELDS OF COPLANES AND PLANES
ON M AND ON M\ M,

The decompositions of the curvature tensor into sums of tensor products
in the last section give rise to the local fields of vectors Z,, Z,p and covectors
W4 in M\ M,. Here it will be shown that they (together with the recurrence
covector W) span globally several parallel fields of planes or coplanes on
M\M,. The pseudo-orthogonality between some of these parallel fields of
planes and coplanes is closely related (i) to the rank of the Ricci tensor which
will be proved to be always =2, and, (ii) in the case when the tensor VW is
symmetric, to the condition for the holonomy group to be abelian.

5.1. The fields D(W), D(W, W4) of coplanes and the fields D(Z,3),
D(ZA, ZAB) of planes.

THEOREM 5.1. Let M be a connected n-dimensional C*-manifold with a linear
connexion for which T=0, VR=W®R, W#0, and the holonomy group is of
dimension r. Let M, be the subset {uEM : W(u)=0} and M, any connected
component of M\ Mo, and let the curvature tensor be locally decomposed in M\ M,
as

Ryl = (WWi — W;We)(W:Za + Wi Zas), Q< A, B<r+1).

Then

(a) On each M, the local fields of (r+1)-coplanes spanned by the covectors
Wi, WE piece together into a parallel field D(W, WA4) of (r+41)-coplanes. The
k-support of R is a parallel field of (r+1)-coplanes on M whose restriction to
M, is D(W, W4), '

(b) On each M, the local fields of planes spanned by the vectors ZYy, Zip
piece together into a parallel field D(Z 4, Z4s) of planes. The h-support of R is
a parallel field of planes on M whose restriction to My is D(Z4, Z45).

(c) On each M, the local fields of planes spanned by the vectors Zlyg piece
together into a field D(Z 48) of planes, but D(Z45) is not necessarily of the same
dimension everywhere in M.

(d) If the holonomy group is of dimension r>1, then

(1) D(W) s a parallel field of 1-coplanes on M\ M,.

(11) On each M, the field D(Z.4g) of planes defined in (c) is a parallel field
of planes everywhere pseudo-orthogonal to the parallel field D(W) of 1-coplanes.
(We note here that in contrast with the other parallel fields described above, the
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parallel fields D(Zag) on different connected components of M\ Mo may not be
of the same dimension.)

Proof. In consequence of Theorem 2.2, to prove (a), it suffices to prove
that at any point #& M\ M,, the k-support of R coincides with the (r+1)-
coplane spanned by the covectors Wy, W4, Now let us complete Wi, W2 to a
coframe W% and let W2 be its dual frame. Then the k-support of R is spanned
by the #® covectors:

Riaw = Ryd WoWiW)
= (W — WWhHWio wiw)
= (Wbt — W04,

Therefore, the k-support is contained in the (r41)-coplane spanned by W,,
Wt

To show that the k-support contains all the 41 covectors Wi, W2, we
first consider the covectors

A A _A
Rklu = - QAn Wk .

The number of independent covectors among them is equal to the rank of the
matrix (Q4,"), where 4 denotes the row and (u, \) the column. But this rank
is equal to r because the r tensors Q4" are independent. Therefore, the k-sup-
port of R contains all the covectors WA.

Next consider the covectors

A 1y
RkZp = Q?n Wk~

Since the 7 tensors Q4} are independent, at least one of the components Q,) is
not zero. Therefore, the k-support of R contains the covector W; also. This
completes the proof of (a).

To prove (b), we use the same coframe W73 as above, and obtain

h 1.4 1A, 1 _h B _h
Rpa,, = (555“ - 6,‘55)(5¢Z,4 + GQZAB).
From this and

h b R r
Riay = Zy, Riap = Zus,

it follows that the k-support of R coincides with the plane spanned by the
vectors Z% and Z)3, and this proves (b).

(c) follows at once from (4.12)s.

To prove (d), we observe that (i) and the first part of (ii) are consequences
of (4.12), (4.13) and Theorem 1.1, It remains to prove that the parallel field
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D(Z 4) of planes is everywhere pseudo-orthogonal to the parallel field D(W)
of 1-coplanes, i.e. to prove that
(5.1) WiZse =0 if r> 1.

For this purpose, let us substitute

Py = WaW; — WiWs,  Qui' = WiZa + WiZis
into (2.4);, namely,

A a A C
P.ixQsj1 = CpcPuj.

Then we have

C a C a
C;C(Wka - W;Wy) = (WaW?k - W[kW:)(Wj]ZB + W;Zge)
a a C C,
= (WZn)(WeW; — WiWy) — (Wa Zsc)(WiW; — W;W3)
+ (WoZse) (We W; — WiWy),

ie.,

(Coc + WaZsnic + WaZso)(WiW; — W;We) = (WoZso)(Wa Wy — Wi Wy).

Comparison of the coefficient of W shows that the left side is zero, and so also
is the right side. From this it follows that W,Z%:=0 if r>1, as was to be
proved. Note that we have also proved that

(5.2) Coc+ WoZsde + WeZoc=0 if r>1.

5.2. Rank of the Ricci tensor.

THEOREM 5.2. For a linear connexion with T=0, VR=WQ®R and W #0,
the Ricci temsor is of constant rank =2. The Ricci tensor is of rank O (i.e., Rj; is
everywhere zero) if the parallel fieldls D(W, W4), D(Za, Zig) are pseudo-
orthogonal; it is of rank =1 if the field D(W) of 1-coplanes and the parallel field
of planes D(Za, Z4s) are pseudo-orthogonal, or if thepirallel field D(W, W4)
of (r+1)-coplanes and the field D(Z 45) of planes are pseudo-orthogonal.

Proof. We have proved in Theorem 2.1 that the rank of R;; is constant on
M. Now we deduce from the local decomposition (4.5) of R that

Rii = Rujis = (WaZan)W;W; + (WiZa)W; W,
— (WeZhn)WWe — (WaZ)Ww,w..

It follows from this that the rank of R;; is equal to the rank of the (r+1)
X (r+1) matrix
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5.3 [ WiZas W,.z,i'il.
G- —WiZiz —WiZa

If r=1, then R;; is obviously of rank £2. If >1, then by (5.1) WiZ%z=0.
Therefore, it is seen from (5.3) that in this case also, Rj; is of rank <2. The
remaining part of this theorem is an immediate consequence of (5.3).

5.3. A theorem on the holonomy group when VIW is symmetric. It is
known (Walker [8, §6]) that for a Riemannian connexion with VR=W®R
and W0, the tensor VI is symmetric. On the other hand Hlavaty [2,
Theorem 3.3] has recently proved that the (local) holonomy group of such a
Riemannian connexion is abelian. We now prove

THEOREM 5.3. For a linear connexion with T=0, VR=WQR, W#0 and
VW symmetric, the holonomy group H is abelian iff

(@) dim H=1, or

(b) dim H>1, the parallel fields D(W) and D(Za, Zas) are pseudo-
orthogonal, and the parallel fields D(W, W4) and D(Z45) are pseudo-orthogonal.

Proof. If dim H=r=1, H is of course abelian.
Let us assume then dim H=r>1, We have from (2.4) that

(5.4 Q[BahQC]ia = C;CQAih;
(55) (V[".Wu)sg = (Cgc + C;C)P:l’

where 2< 4, B, C<r+1. Equation (5.4) shows that the condition for H to be
abelian is that C=0 (see corollary to Theorem 2.4). Since VW is symmetric
and the 7 tensors PS; are independent, it follows from (5.5) that Cac= — Chc.
Therefore, the condition for H to be abelian is Cac=0, i.e., by (5.2)

(5.6) W.Zasg+ Wi Zse = 0, 2= 4,B,CSr+1;r>1).

We now show that (5.6) is equivalent to

(5.7) WoZs =0, WaZae=0.

Since Z3¢=Zts, equation (5.6) implies that

W.Zgoe = WaZeds.

If in this equation we let B be arbitrary but fixed and 4 = C# B, we obtain
W.Z%=0. Therefore, (5.7); is true and, on account of this, (5.6) reduces to
(5.7)s. Our theorem now follows from (5.7) and (5.1): W3Z}he¢=0 which holds
for r>1.
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6. DECOMPOSITIONS OF THE TENSOR VIW

In Theorem 4.5 we proved that for each point % of M at which W(u)#0,
there exists a coordinate neighborhood U2 % on which VW can be decomposed
into

ViW, = NiW, ifr>1,
or
Vsz = Nsz + NIW), ifr = 1,

where 7 is the dimension of the holonomy group, and N;, N,(= Ny,), Wi(= W?)
are covectors on U.

Since both the recurrence covector W and its covariant derivative VIV
are globally defined on M and therefore on M\ M,, we naturally want to know
whether there exist global covectors N, N, W on M\ M, so that the above
decomposition of VW holds globally on M\M,. The main purpose of this
section is to study this problem.

6.1. The case dim H>1.

THEOREM 6.1. Let M be a connected n-dimensional C®-manifold with o
linear connexion for which T=0, VR=WQ®R and W #£0, and let M, be the sub-
set {uc M: W(u)=0}. If the holonomy group is of dimension r>1, then either

(a) VW=pW QW everywhere on M\M,, or

(b) VW=NQ®W and VN=(W—N)QN+VQW everywhere on M\M,,
where the covectors N and V are uniquely determined and N is nowhere dependent
on W. It follows that in case (b), the covectors W and N span a parallel field
D(W, N) of 2-coplanes on M\ M,.

Proof. Let r>1. We have proved in Theorem 4.5 that
6.1) ViWie = NiW,  locally in M\ M,.

Since the tensor V|;W;; on M is either everywhere zero or nowhere zero in M
(cf. Theorem 3.1) and by (6.1), VuWi = N;Wy;, we may conclude that the
local covector N;in M\ M, is either everywhere dependent on W; or nowhere
dependent on W,

In the first case we have V,W,=pW W, and (a) is proved.

- Consider further the second case where N, is nowhere dependent on W,.
The covector N; is uniquely determined by (6.1). For, if N;* is another co-
vector such that V;W, = N;W;, then from N;W,=V,W,= N,W,, we obtain
(N —N;))W,=0. Since W is nowhere zero in M\M,, this is equivalent to
N=N,. In other words, we have a unique covector N on M\ M, such that
VW =NQ®W everywhere in M\ M,.

Substituting V,;Wy=N,W, in V,.(VuWu) =W,V Wi (cf. Theorem 3.1),
we obtain
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WaN Wi = Vm(N[ka]) = (Vlel)Wk] + NuVaWi
(Vlel) Wk] + N[leWk].

Therefore,

[VaNu — (Wm — Nw)Nu]Wy = 0.
Hence

ValVi = (Wm — Nu) Ny + ValW,,

where V,, is some covector on U, It follows from this (by the argument used
above on N;) that there exists on M\ M, a unique covector V such that

VN=W-N)Q@N+VQRW.

Combining this equation with VIW=N® W and the fact that N is nowhere
dependent on W, we see (cf. Theorem 1.1) that the covectors W, N span a
parallel field of 2-coplanes on M\ M. This completes the proof of the theorem.

6.2. The case dim H =1. In this case, the tensors R and VI¥ can be locally
decomposed in M\ M, as

Ryt = (WiW; — W;We)(W.Zh + W.Z%),

(6.2) o
Vsz = Nsz + N1Wk.

Furthermore, the field D(W, W) of 2-coplanes on M\ M, is the restriction to
M\M, of the k-support of R. We now prove

THEOREM 6.2. If dim H =1, the local covectors N, Nyin M\ M, which appear
in (6.2) have the following properties:

(@) N, is everywhere lying in the k-support of R.

(b) N, is either everywhere or nowhere lying in the k-support of R.

(c) If N, is nowhere lying in the k-support of R, then D(N, W, W) is a
parallel field of 3-coplanes on M\ M,.

Proof. Substituting (6.2) in (3.2), namely, cyc(W,VuWy;) =0, we have
cyC Wn(NuWi + NuWyy) = 0, ie. cyc(WalNuWi) = 0.
From this, since W; and W, are everywhere independent, it follows that
(6.3) Ny = oW, + W,

which proves (a).
On account of (6.3), we have

VuWi = NuWi + NaWiy = NaWey — oW Wiy = (Nu — pW ) W,
i.e.

(6.4) V[;W;,] = W(;Wk], where N; = N; — sz.
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Combining this with (3.1), namely,
(6.5) Va(VuWi) = WaVuWiy,

we see that N; W4, is everywhere zero or nowhere zero; in other words, either
N, is everywhere dependent on W; and W, or nowhere dependent on W; and
W This proves (b).

Consider further the case where N Wi, is nowhere zero. Substituting
(6.4) in (6.5), we get

W,,.N[sz] = V,,.(N[sz]) = (VmTV-u)W),] + W[l(Nka] + Nka]),
i.e.
[VaNu— (Wn — Na)Nu]Wiy + NuNuWiy = 0.
Applying Cartan’s lemma to this equation, we see that V,,N; is of the form
Vi = (Wn — N)Ni + AW+ AW

If we substitute N;=N;—pW; in this, and take into account that V,W,
=NZW,+ N2, W, (cf. (4.14)), the result is of the form

(6.6) ValNi = BuN; + CuWi + CuW,.

On account of this and Theorem 1.1, (¢) will be completely proved if we
let U, U* be coordinate neighborhoods in M\ M, on which (6.2) and V,W,
= N¥Wi+ N} W7y respectively hold and are able to show that at every point of
UNU*, the covectors W, W*, N* and the covectors W, W, N span the same
coplane. We already know that W7} is linearly dependent on Wi and W,
(Theorem 4.4). In addition,

NW, + NaWy = VW, = NJW, + N,

hold on UNU*. Contracting this by a vector X* such that W;X*=1 and
WiX*¥=0, we see that N} is linearly dependent on N; and N;, and conse-
quently, by (a), on N, W;and W,. This completes the proof of the theorem.

The following theorem gives a partial answer to the question whether
there exist global covectors N, N, W on M\ M, such that equation (6.2) holds
globally on M\ M,.

THEOREM 6.3. Let dim H=1, and let My, be the subset

{u € M: [(ViWw)W;](w) = 0}

of M\M,. Then
(@) On Moo, there exists a unique covector N
such that
VW =NQW.

(b) On (M\ M)\ Moo, there exist
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(1) a covector N which is an extension of the covector N on M, defined in (a),

and
(ii) a tensor E of type (0, 2) and rank 1
such that VW =NQ®W+ E.

(c) If Eu are the components of E in any local coordinate system in
(M\Mo)\ Moo, then at every point of (M\Mo)\ Moo,
(i) both the k-support and the l-support of E liein the k-support (= D(W, W))
of the curvature tensor R, and
(i) the k-support of E nowhere contains the recurrence covector W.

Proof. It follows from (6.2) that on a suitable coordinate neighborhood U

of each point in M\ M,,
(VW )Wiy = N uW;).

Since W W has no zero in U, the tensor (V;Wyu)Wj; and the covector N,
have common zeros in U. But (ViWy)Wj is a tensor on M\ M,. Therefore, if
M, is defined as in the theorem, we have VW, = N, W, locally in Mg, Conse-
quently (by an argument used in §6.1), there exists on M a unique covector
N such that VIW=NQ® W. This proves (a).

Let us now consider the situation on the submanifold (M\Mg)\Me on
which V; W, can be locally expressed as

6.2) ViWe = N\W; + NWs,

where N; has no zero. We recall that the vector W, was first introduced in
the second local decomposition (§4.3) of the curvature tensor R in M\ M,.
Let U be a coordinate neighborhood in (M\ M)\ My on which R can be de-
composed as

Risb = (WaW; — W,Wo)(W.Zh + W.2¥),

where W, is everywhere independent of W;. By Theorem 4.4, the most general
covector W which can appear in the second decomposition of R is of the form

Wi = Wi + Wi, where § 5 0.
If at a point € (M\ M)\ Moo, ViWi can be expressed also as
(6.2%) VW, = N, + K,
then
NWi + B, = NaW, + N,

= NiW: + Ni@W. + ¢Wy)
= (N1 + sNYWi + MW,
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From this it follows that
6.7) oN

Therefore, the most general N; at u satisfying (6.2*) is
(6.8) Ni=Ni— (/)W

Equations (6.7) and (6.8) show that on (M\Mo)\Mow, N; has a fixed direc-
tion and Nj* depends on a single parameter varying from — « to + .

Consider now the bundle BY of all covectors N; at all points of
(M\ M)\ M. It follows from the above observations that the fiber F, over
any point #& (M\M,)\ M is isomorphic with the real line. Therefore, by a
theorem of Steenrod’s on existence of cross sections on fiber bundles, C*® cross
sections of B¥ exist. Any such cross section is a vector N* on (M\ M)\ Moo
having the property that in a suitable coordinate neighborhood U of each
point of (M\ M)\ Mo,

VzW}, = Ner + Nsz, i.e. Vsz - N:Wk = NIW);.

Since the left side of the last equation is _t_he restriction to U of a tensor on
(M\M¢)\ My so is also the right side N;W;. In other words, there exists on
(M\Mo)\ My a tensor E of type (0, 2) and rank 1 such that (E| Uu=N,Wp

We have thus shown that
(6 9) VW=N®W OnMoo,
' VW = N*®@ W+ E on (M\M¢)\Mq.

Let us now define the values of N*, E and N on the boundary of My by
continuity. Then it is easily seen from (6.9) that

E=0(G.e. N =0) and N* = N on the boundary of M.

This completes the proof of (b).

Finally, (c) follows from the very definition of E and from (6.7).

6.3. The special case where dim H =1 and the Ricci tensor is not sym-
metric. For this case, we have a better result than Theorem 6.3.

Consider first the general case where dim H =1. We have given the curva-
ture tensor three different decompositions:

Rt = WiS;l = WSl
Risi' = PuiQai
h A A h B _h
Rkji = (W}J’V, - WjWk)(WiZA + WiZAB), (2 § A, B é r-I- 1).

Of these, the first is global (on M\M,) while the other two are local (i.e.
they hold on a suitable coordinate neighborhood U of each point in M\ My).
By (4.6), the global tensor S;;* can be expressed on U as
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h A h h
Sii = W;Qui + W0,

from which we have

4 k

(6.10) thh = W; QAhh + Wik

On the other hand, it follows from the equation
=Rpujy = Rep = WiSin* — W;iSun?

that if the Ricci tensor is not symmetric, the global covector S;,* is every-
where (in M\ M,) independent of W;. Consequently the r scalars Q4x* on U
which appear in (6.10) have no common zero. Hence, by (4.12) and (6.10),
we may replace one of the r covectors W,A on U, say W3, by the restriction of
S;»* to U. Let us assume that this has been done. Then we have

2 A h h . h 2 h
Wj = W,' Q,u. + W,'Qh , L€. QAh = 54, Q). = 0.
Hence

LEMMA 6.1. If the Ricci tensor is not symmelric, we may take as W the
restrictton of S;n* to U so that in the decomposition

Rui = WW; — WW)(WZi+ WiZis), (25 4,B<r+1),
the covector W2, like Wy, is globally defined on M\ M, and WiZ4+WEZh =63,

Applying this lemma to the case where dim H=1 and using some of the
results in Theorems 5.1 and 6.2, we have

THEOREM 6.4. Let a linear connexion on M be such that T=0, VR=WQ®R
and W#0, and let Mo={uEM: W(n)=0 } If the holonomy group is of dimen-
ston 1 and the Ricci tensor is not symmetric, then the curvature tensor R and the
tensor VW can be globally decomposed on M\ M, as

Ry = (Wij - WjWk)(W«iZh + W,‘Zh) with W,Z* 4+ W}.Z" =1,
VW=N@W+N®W,

where all the covectors and vectors are globally defined on M\ M, such that

(@) D(N, W, W)=D(W, W) is a parallel field of 2-coplanes on M\ M,,

(b) D(N, W, W) is either identical with D(W, W) or is a parallel field of
3-coplanes on M\ M,,

(c) D(Z, 2) is a parallel field of 1-planes or a parallel field of 2-planes on
M\ M,.
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